ALGEBRAIC CURVES
SOLUTIONS SHEET 10

Unless otherwise specified, k is an algebraically closed field.

Exercise 1. For n,d > 1, let V(d,n) the k-vector space of forms of degree d in
kX1, ..., X,
(1) Compute dimg(V(d,n)) for d > 1 and n = 1,2,3. Can you find a formula
for arbitrary n?

Set n = 2. Let L;, « > 1 and M;, 7 > 1 be two sequences of non-zero linear
forms in k[X,Y] such that L; # AM; for all 4,j > 1, A € k. Consider A;; =
Ly...LiM;...Mj, i,7 >0 (if i =0 or j = 0, the empty product is taken as 1).
(2) Show that A;;, i+ j =d, i,j > 0 form a basis of V(d,2). (Hint: think of
dehomogenizing the A;; by setting Y = 1.)
Solution 1.

(1) As we have already seen throughout those exercise sheets, we can compute
dimy(V(d,n)) in a combinatorial way, as dimg(V(d,n)) = {d1 + -+ d, =
d|di € [Ln} = ("),

(2) As the L; and M, are homogeneous forms of degree 1 inside k[X, Y], their
vanishing loci define points in P!. Consider the sets
V =Vy(Li - Lg) = Vp(L1) U--- UV, (Lg) S P,
W = V(M- M) = Vy(Mi) U+ U Vy(My) € P
Then as L; # AM; for all 4, j, A, we have VN W = ().
Now suppose that

i+j=d

for some Mg, ..., Ay € k. Choose now v € A?\{0} such that V,(M;) = {[v]}.
Then we have

0= NAj(v) = Aa Ap(v)
i+j=d S——
£0
and thus A\q = 0 (as [v] ¢ V). Now define ]\Z = M.y, and define ﬁij for
i+j=d—1as Ly---L;M;---M;. Then we have
O == Z )\ZAU == Ml Z )\Z'Jrlgij.
i+j=d, i>0 i+j=d—1
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As M, # 0, we obtain 0 =
we obtain that \; = 0 for all 7.

i1 )\ng@j, and thus by induction on d

Exercise 2. Recall properties 1 to 9 of intersection numbers from the course

(Thm.

4.5). Prove property 8 using only properties 1 to 7. (Hint: introduce a

uniformizer @ of Op(F) and rewrite the factorization G = uw”, u € Op(F)* in
terms of polynomials in k[X,Y].)

Solution 2. We need to show that for P a simple point of F, I(P,FF N G) =
ord5(G). We reduce to P = (0,0). We have 3 distinct cases :

G(P) #0. Then I(P,FNG) = ord5(G) = 0. Indeed, G € Op(F)*.

e P lies in a common component of F' and G. By 1), I(P,FNG) = .

Moreover, G = 0 in I'(F') since F' is irreducible. So G = 0 in Op(F), so
ord5(G) = co.

Otherwise, let w be a uniformizer of Op(F) and write G = uw™ with u a
unit in Op(F). If we write w = (f+I1(F))/(g+I(F)) for some f, g € k[X,Y]
with f(P),g(P) # 0 and w = (A+ I(F))/(1 + I(F)) with a(P) = 0 (we
may always assume that the denominator is 1 by multiplying with a unit),
then in k[ X, Y] we obtain

Gg= fA"+hF
for some h € k[X,Y] (here we used that F' is irreducible, so the localization
map is injective). Using 2) and 6) we get I(P,FNG) = I(P,F N Gyg).
Using 7) and again 2) and 6), we get : I(P,FFNgG) = I(P,FNfA") =
I(P,FN A" =nl(P,FnA). Finally, notice that as in the first example
of section 4.3, we have

Or(A%) /(, 4) = Op(F) [ (4) = Op(F) [w, =k,

where we used that (A) = mp inside Op(F), as w = A/1 is a uniormizer.
Hence it follows that I(P, FFN A) =1 and thus I(P, FNG) = n.

Exercise 3. Compute the intersection numbers at P = (0,0) of various pairs of
the following curves:

A=Y - X?
B=Y?-X34+X
C=Y?2-Xx3
D=Y?-X%-X?
E=(X?4+Y?)?+3X% —-Y?3
F=(X?+Y?)?3 - 4X%y?

Solution 3. To compute I(P, F N G) for some curves F, G, the following strategy
might be useful:

(1)

Compute the tangents of I, G at P. If they don’t share any tangents, then
I(P,FNG)=mp(F)mp(G) by 5).
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(2) If F' and G share some tangents, try to make one of the curves reducible

using 7). For example, if F is of the form Y2 — P(X), you can replace every
Y?in G by P(X).

(3) You can also first multiply G by some H with P ¢ H, which doesn’t change

the multiplicity by 6) and 2). For well chosen H, this might help you in
the previous point.

(4) If one of the curves becomes irreducible, use 6) to split up the computation.
(5) Repeat.

Here is a table summarizing the solutions (if the result depends on the character-
istic, the characteristic is indicated in subscript. For example, I(P, AN E) is 6 if
char k = 2 and 4 otherwise, so the corresponding entry in the table is 69, 4.5):

AN B:

ANCcC:

AND:

ANE:

I(P.—N=)|A|B|C|D| E F
A ©. 9] 1 3 2 627 4#2 123, 6753
B oo | 2 2 3 103, 6753
C oo | 4 83, 7753 122, 10752
D ©. o] 82, 6#2 182, 8762
E o0 02, 185, 14#275
F 00

Note that P is a simple point on both A and B, with tangents Y resp. X.
Hence by 5) we have
I(PANB)=1.
We have
IP.ANC) 2 1(P (v — X?) N (X* — X?))

D I(P(Y =X X*) + I(P,(Y — X*) N (X — 1))

2 31(P,(Y — X?) N X)

D3,

Note that the tangents to D at P are X —Y and X + Y, and the tangent
to A is X. As they are distinct, we obtain by 5) that

I(P,AND)=mp(A)mp(D) = 2.
We have

I(PANE) 2 I(P(Y — X?) N (X2 + X424+ 3X* — X))

=I(P,(Y — X*)N(X®+ XO +4X1)).
Using 5), one can see that the intersection number is 4 if char k # 2 and 6

otherwise.
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AN F: We have

I(P,ANF)=I(P,(Y — X)) N ((X?+ X*)? — 4X9))
=I(P,(Y — X*)N (X" +3X" +3X® - 3X°)).
Using 5), one can see that the intersection number is 6 if chark # 3 and
12 otherwise.
BN C: The tangent to B is X whereas the tangents to C' are twice Y, so by 5) we
obtain
BN D: Again the tangents of B and D are distinct at P, so we have
I(P,BND)=mp(B)mp(D) = 2.
BN E: The tangents to E at P are Y and Y +1/3X and so they are different from
the tangent to B. Hence by 5) we have
I(P,BNE)=mp(B)mp(E) = 3.
BN F: We have

IP.BNF) 2 I(P(Y?— X*+ X)N (X2 + X° — X)® — 4X2(X3 — X))
=I1(P, (Y= X3+ X)N((...)X° —4X° +3X* + 3X?)).
Now if char k # 3 we can factor out X? in the second curve and by 6) and
2) we obtain

I(P,BNF)=1(P,(Y?- X3+ X)nX?

V%0 31(P,Y? N X)

= 6.
On the other hand, if char k = 3, we can factor out X° and with a similar
computation we obtain I(P, BN F) = 10.
C'N D: As the tangents to C' are twice Y and to D it is X £ Y, we obtain by 5)
that
I(P,CND)=mp(C)mp(D) = 4.
C' N E: We have

(o) IP,CNE) 2 I(P (Y2 — X3 N ((X2+ X2+ Y(3X? - X?%)))
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Now if char k = 3, the second curve is divisible by X3, which gives using
6) and 7) that

I(P,CNE)=I1P,(Y - XNX*)+I(P,(Y> - X*)N(X?+2X* + X —Y))

R

=8,

where we used 5) for the second intersection number, observing that the
tangents are distinct.

On the other hand, if char k # 3, the second curve in (ED is divisible by
X? and using 6) and 7) we obtain

I(P,CNE)=4+I1(P, (Y- X*)Nn(X*1+X)*+Y(3—X))).

To make the Y disappear in the first curve, we multiply it by (3 — X)?
(which doesn’t change the multiplicity by 2) and 6)) and then we use 7):

I(PCNE)=4+I(P(Y*)B-X)-X’B-X))N(X*(1+X)*+Y(3-X)))
Dy (P (XML + X)) — X33 — X)2) N (X2(1+ X)2+Y(3— X))

Now the first curve is of the form —9X3+ X*(...). Therefore, as in previous

points and as we are in the case chark # 3, we can factor out X3 and
discard the rest, so

I(PCNE)=4+I(P,X’N(X*1+X)>+Y(3-X)))

VL 44 31(P,XNY) =T

C N F: We have

I(P,CNF) 2 (P (Y? - X?) N (X% + X3)? — 4X7)

=I(P,(Y> = X)N((.. )X + X°®—4X°).
If char k # 2 then by 5) we have I(P,C' N F) = 10, and if char k = 2 then
by 5) we have I(P,C N F) = 12.

D N E: The tangents to D at P are X Y, and the tangents to £ at P are Y and

Y +v/3X. Hence if char k # 2, D and E share no tangents at P, and thus
by 5) we have

[(P,DNE) =mp(D)mp(E) =2-3 = 6.
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Now if chark = 2 we have F = (X + Y)*(X? + Y?+Y), and thus by 6)
we obtain
I(P,DNE)=I1(P,DN(X+Y))+I(P,DN(X?+Y?+Y))

Y onP,DN(X+Y))+2-1

Dof(P,X*N (X +Y))+2

9106 4+ 2

=38.

DN F: We have

I(P,DNF) 2 (P (Y2 — X* — X?) N ((2X% + X?)® — 4X*(X? + X?)))

=I(P,(Y? - X? - X*)N (X +2(...) —4X").
If char k # 2 then we may use 6) and 2) to obtain
I(P,DNF)=I(P,(Y? - X*)n X"

L 41(PY? N X)

O3
If char k = 2, a similar computation shows that (P, D N F') = 18.

E N F: One way to make progress is always to make our curves reducible using 7)
and then split up the computation using 6). Here, one way to do so here is
to make a (X2 + Y?) factor appear. This can be achieved by adding YV - E
to F', giving
F+Y E=(X*+Y)(X?+Y) +Y(X?*+Y?) -Y?).

N J/
-~

F:=

Hence, using 7) and 6), we obtain
I(PENF)=1(P,EN(X*+Y?))+I(P,ENF)

Now if chark # 2, then the tangents of X2 + Y? are X £ Y, and thus
they are different from the tangents of £ (Y and X £Y'). Hence by 5) we
obtain

I(PEN(X*+Y?)=3-2=6.

On the other hand, if chark = 2, then £ = (X? + Y?)(X?2 + Y2 +7Y),
and so by 1) we obtain I(P, E N (X% + Y?)) = oo, which then also gives
I(P,ENF) =00, so we may assume char k # 2 from now on.
To compute I(P, E N F'), we subtract £ from F’ to obtain
I(PENF)Y=1En(-Y(BX?-Y)H +Y (X2 +Y?) -Y?)).
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As the second curve is divisible by Y, we use 6) and then 7) to obtain
I(PENF)=4+1(P,EN(-2X*+2Y%-Y)).
By 7), we can replace every X2 in E by Y? — 271Y| giving
I(PENF)=4+1(P(2Y*=27'Y) 2 +3(Y?—27'Y)Y — V) N (-2X? +2Y* -Y))

Now the first curve is —(5/4)Y? + 4Y*. So if char k # 5 we can factor out
Y? and discard the rest by 6) and 2), giving

I(PENF)=4+I(PY*N(-2X*+2Y?-Y))

920 4 4 21(PY N X?)

=38.

If char k = 5, then a similar computation shows that I(P, E N F’) = 12.
Piecing everything together, we obtain I(P, E N F) = oo if chark = 2,
I(P,ENF)=18if chark =5 and I(P, EN F) = 14 if char k # 2, 5.

Exercise 4. Consider the affine curves ' =Y — X? and L = aY + bX + ¢, where
a,b,c € k and (a,b) # (0,0).
(1) Compute the intersection points P C F'N L and their intersection numbers
I(P,FNL). Consider s =Y, I(P, FNL). Give a necessary and sufficient
condition for s = 1.

Let us identify A7 with the affine open subset Uy = {z; # 0} C P, where we use
projective coordinates xy, 2, x3. Consider V' (resp. L) the closure of V(F) C U,
(resp. V(L)) in P%.

(2) Assume that s = 1. Show that V and L admit another intersection point
outside U; and that the intersection number (computed in the affine plane
Uy or Us) is 1.

(3) Same questions with F' = XY — 1.

Solution 4.
(1) Note that

k[X,Y]/W_Xz,aerbXH) = k[X]/(aX2+bX+c)

and the latter is spanned by 1, X, so by 9) we have s < 2.
Note that 0 =Y — X? =aY +bX + ¢ = aX?+bX +¢c=0. If a # 0,
b? — 4ac # 0, there are two simple points
P= (2,2?)

%

where x, 25 are the roots of aX? 4 bX + ¢, so as s < 2 they must both

be simple. If b2 — 4ac = 0 there is a double point: indeed, in this case the
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intersection point is P = (—b/2a, b*/4a?), and then

b

FP:Y+——(X——
2a

2 b
) —Y-X24+°2X
a

2
LP:a(YJr—)er(X—i) +e=aY +bX
a 2a

S0
I(P,FNL)=10,FF N LF) 2 1(0, X2 N (aY + bX))
9910, X N (aY +bX)) 2 2.
If a = 0 there is one simple point, given by P = (—c/b, ¢*/b?). Indeed,
we have

? b\’ 2
FP:Y+b—2—(X——) =Y -X’+—=X
c & &

LP:b(X—I—’)+c=bX,
&

so they don’t share a tangent and hence I(P, FN L) = 1. Hence
s=1<+= a=0

By (1) we have a = 0. We denote the coordinates of P? by X,Y, Z, so that
A? is identified with {Z # 0}. The intersection point in {Z # 0} is then
[—c/b,2/V? : 1] = [—bc: ¢ : V.
To compute V and L we homogenize the equations to obtain
V=V,(YZ-X?), L=V, (bX +c2).

As we already computed all the intersection points in {Z # 0}, the re-
maining intersection points must have Z = 0, and then it also follows that
X =0, and [0 : 1 : 0] is indeed in the intersection. Hence this is the
unique intersection point outside of {Z # 0}. To compute the intersection
multiplicity, we dehomogenize by setting Y = 1, and then for P = (0,0)
obtain

I(P(Z—-X*)N(bX +cZ)) =1
by 5).
Note that
KXYT/(xy = 1,0y +bX +0) = HX X f(ax 1 40X 4 0)

and the latter is spanned by 1, X, so we obtain s < 2 by 9).
If XY =1 and aY + bX + ¢ = 0, then multiplying with X we obtain

bX?+cX +a=0. If b+# 0 and a # 0, you can check as in the previous
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parts that we obtain either two solutions which thus give simple points, or
a double point. If b = 0 then we only obtain one solution, and by symmetry
the same holds for ¢ = 0. As in the previous points, you can check that F'
and L share no tangents in this case, and thus the intersection multiplicity
is 1.

In summary, we obtain that s = 1 if and only if a =0 or b = 0.

By symmetry, we assume a = 0; the case b = 0 follows by exchanging
X and Y. Note thatV = Vp(XY — Z2) and L = Vp(bX + cZ). As
we already computed the intersection points in {Z # 0}, the remaining
ones must have Z = 0, which then gives also X = 0, so that we obtain the
intersection point [0 : 1 : 0]. To compute the multiplicity, we dehomogenize
by setting Y = 1, and then for P = (0,0), we obtain as in point (2) that
I(P(Z - X*)N(bX +cZ)) = 1.

Remark. The point of the exercise is the following: you can convince yourself
that now matter the value of s = >, pny [(P, F N L), if we take the closure in
P? and add the intersection multiplicities for the new’ intersection points to s as
well, we always obtain 2 (e.g. if s =1, then in P? we obtained precisely one other
simple point of intersection). This is an instance of Bezout’s theorem, which we
will see later in the course: if F,G C P? are projective curves of degree d resp.
e with no common components, then we have >, po [(P,FF N G) = de. That
is, the number of intersection points, counted with the appropriate multiplicity, is
always just de.

Exercise 5. Let F' be an affine plane curve. Let L be a line that is not a component
of F. Suppose that L = {(a+tb,c+1td), t € k}. Define G(T') = F(a+Tb,c+T4d)
and consider its factorization G(T') = e[ [,(T' — A;)® where the ); are distinct.
(1) Show that there is a natural one-to-one correspondence between the \; and
the points P, € LN F.
(2) Show that, under this correspondence, I(P;, L N F') = e;. In particular,
Y I(P, LNF) < deg(F) (see for instance exercise 4).

Solution 5.
(1) We have t = \; <= F(a+ \b,c+ \d) =0, so if we denote 7: Al — A?
the map sending ¢ — (a + tb, ¢ + td), then 7 induces a bijection between
(2) Let L = dX — bY — ad + be be the function defining L. Then the map
EX,Y] — k[T
X—=a+ThY—c+Td

induces an isomorphism k[X,Y]/(F,L) = k[T]/G. If P € F'N L, then by

point (1) we have P = 7();) for some j. Under the isomorphisms, the

maximal ideal mp = (X — P,,Y — P,) is mapped to (7' — A;). If we localize
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both sides at these ideals, we obtain
Or(h) [ (F, 1y = MTNrn0 [ (1T = 2)e) = MT e /(7 = x5)0)

so that I(P;, FN L) = e;. As degG < degF, we conclude by 9) that
S I(P,LNF) < deg F.
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